High average current, transportable energy recovery linacs (ERLs) can be very attractive tools for a number of applications including next generation high-luminosity, compact light sources. Conventional ERLs are based on an electron beam circulating through the same set of rf cavity cells. This leads to an accumulation of high-order modes inside the cavity cells, resulting in the development of a beam breakup (BBU) instability, unless the beam current is kept below the BBU start current. This limits the maximum current which can be transported through the ERL and hence the intensity of the photon beam generated. It has recently been proposed that splitting the accelerating and decelerating stages, tuning them separately and coupling them via a resonance coupler can increase the BBU start current. The paper presents the first experimental rf studies of a dual axis 7-cell asymmetric cavity and confirms the properties predicted by the theoretical model. The field structures of the symmetric and asymmetric modes are measured and good agreement with the numerical predictions is demonstrated. The operating mode field flatness was also measured and discussed. A novel approach based on the coupled mode (Fano-like) model has been developed for the description of the cavity eigenmode spectrum and good agreement between analytical theory, numerical predictions and experimental data is shown. Numerical and experimental results observed are analyzed, discussed and a good agreement between theory and experiment is demonstrated.
I. INTRODUCTION
Transportable sources capable of efficient generation of high luminosity and intensity photon beams in THz, EUV and x-ray regions are attractive tools for a number of applications [1] [2] [3] [4] [5] [6] . Today such beams are generated mainly at large scale, national facilities such as free electron lasers (FEL) and synchrotron radiation sources (SRC). In the context of this paper we will refer to a source as transportable, if its footprint is around 10 m 2 and it can be transported using a conventional trailer (for example) as opposed to the national facilities, which are large, expensive and exclusive to a limited number of high level research activities. Providing photon beams of a similar quality to a broader scientific community could potentially generate ground breaking results in many branches of science and industry including biology, chemistry, pharmacology, medical science, security, etc. The limited availability of such instruments is hindering research and development. One way to resolve this issue is to create next generation light sources based on an energy recovery linac (ERL), which will complement the current photon factories. The ERLs are driven by electron beams with low average current which means a relatively low average intensity of the radiation. The current limitations linked to the development of a beam breakup (BBU) instability [7, 8] , which develops in conventional single axis SCRF ERLs or strongly coupled dual axis systems [9, 10] if the beam current is increased above some threshold value which is usually around 100 mA. The dual axis asymmetric energy recovery linac (AERL) in which acceleration and deceleration are separated, while the cells are individually tuned and linked via a resonant coupler has recently been suggested [11] [12] [13] [14] to mitigate the development of the instability. The theoretical studies of an 11-cell cavity [11] indicated the possibility to increase the BBU starting current, thus stimulating the research.
The aim of this paper is to validate the previous results using experimental and numerical approaches, develop new experimental techniques and data analysis, and to demonstrate the scalability of the concept developed. The outcome of the first experimental studies of a dual axis asymmetric cavity ( Fig. 1 ) will be presented and discussed. To demonstrate scalability of the conceptual design i.e. conservation of the basic properties predicted in [11] with variation of the cavity length, to speed up the cavity manufacturing and save the cost of machining a 7-cell cavity ( Fig. 1) was considered for the first prototype studies. The 7-cell rf cavity high-Q modes in frequency range from 1 to 2.5 GHz are studied and the results are presented. All experimental data will be compared with theoretical predictions and discussed. The properties of the eigenmodes including their coupling are examined, and different models are used to describe them. The modes were experimentally identified, studied and their field structures were measured.
The outline of the rest of the paper is as follows. In the second section the results of numerical studies of a 7-cell cavity using CST Microwave (CST MW) Studio will be presented and discussed. The third section will be dedicated to the cavity modes' Q-factor measurements. In the fourth section the experimental results of the eigenmodes' field structure measurements will be presented and compared with numerical predictions. In the conclusion we will discuss further steps to realize asymmetric energy recovery Linac (AERL). We note that the numerical studies were carried out using a 3D CST MW Studio software package, instead of ACE3P electromagnetic suite (developed at SLAC) and used in the previous work [11] . The new software was used to check validity of the conceptual model and compare the capabilities of the broadly available commercial product 3D CST Microwave Studio with highly reputable specialist software ACE3P. The numerical results observed from two different codes were similar further confirming the results observed.
II. THE 7-CELL CAVITY NUMERICAL STUDIES AND EXPERIMENTAL SETUP
Here the 7-cell dual axis asymmetric cavity is studied using both numerical and experimental techniques in order to find its spectral characteristics (eigenmode Q-factors, their frequency position and measuring the fields' profiles). In Fig. 1 the drawing of the cavity generated by CST Microwave Studio is shown and the ports numbers, which will be used throughout this paper, are indicated. The dimensions of the 7-cell and the 11-cell cavities for a specific cell located on the same axis are identical except that the 11-cell structure has an increased number of middle cells on each axis (3 instead of 1). The scaling from 11-cell to 7-cell was done to demonstrate the scalability of the model, which could be required for instance to reduce the cost of the cavity manufacturing. To cover a broad range of the modes, the studies were conducted in the frequency range from 1 to 2.5 GHz. The cavity was machined using the technical CAD drawing developed for the numerical studies.
The numerical investigations conducted show (similar to [11] ) that the cavity eigemodes can be separated into symmetric and asymmetric eigenmodes, and eigenmodes associated with the resonant coupler cell. In Figs. 2(a)-2(c) examples of the contour plots of the electric field distribution of these eigenmodes are shown. The inset in Fig. 2(a) (above the figure) shows the dependence of the normalized intensity of the electric field along both axes. A field flatness of around 85% was observed. As in previous studies [11] the eigenmodes associated with the resonant coupler [ Fig. 2(c) ] have similar structures and are localized inside the coupling cell and the contour plots are similar to those observed before, for the 11-cell cavity. In Fig. 3(a) the cavity eigenmode spectrum in the frequency range 1 to 2.5 GHz is shown. There are "bridge modes" at 1.099 and 1.495 GHz which are associated with the resonant coupler [ Fig. 2(c) ], passband symmetric and asymmetric modes in the interval 1.27 to 1.3 GHz and high order modes located above 1.5 GHz. In this paper only the passband and bridge modes are considered, while a detailed investigation of HOM is outside the scope of this paper. The number of eigenmodes in the passband interval is 7 (as expected from simulations) and a close-up of these modes is shown in the inset of Fig. 3(a) . In Fig. 3(b) the graphs show the dependences of the normalized intensities of the electric fields along the cavity for the bridge mode located at 1.099 GHz (dotted line), operating mode (1.299 229 GHz) and nearest high Q asymmetric mode (dashed line) located at 1.289 298 GHz. The field distributions of asymmetric modes and symmetric modes are different, which can be used in the tuning of the cavity to improve its performance, however more detailed field analysis will be required to suppress the asymmetric mode.
To verify the results of the numerical studies a dual axis 7-cell rf cavity ( Fig. 1 ) has been machined from aluminum and the experimental investigations have been carried out.
A photograph of the aluminum cavity is shown in Figs. 4(a) and 4(b). It was built from two solid blocks of aluminum [ Fig. 4 (a)] using a computer controlled milling machine, the internal surfaces of the machined blocks were polished and cleaned prior to its assembly and positioning on the rf test table. Machining the cavity in this way allows for quick assembly by connecting the two blocks and securing them with pins and screws [ Fig. 4(b) ], as well as quick disassembly if required. There is no soldering involved, which makes the whole system flexible for cavity tuning and rf studies of new prototype. After the cavity was assembled, it was checked for imperfections and discontinuities (potentially caused by misalignment) along the internal surfaces. No obvious discontinuities inside were detected and the seams were shown to be good enough to
The photograph of the 7-cell aluminum cavity before assembly machined from two blocks of aluminum, (b) the assembled 7-cell cavity on the rf test bench, (c) separate parts of the copper 11-cell cavity machined using the conventional sheet-press technology which would be used to manufacture a SC rf cavity (left photograph) and fully assembled 11-cell cavity (right photograph).
consider the joints to be seamless. Clearly, there are a number of limitations associated with such machining and any TESLA like SCRF cavity will be built using the conventional pressing and electron beam welding technique [15] . Discussion of these limitations is outside the scope of this paper, however, the prototype is relatively inexpensive and convenient for basic studies of rf properties. The photograph [ Fig. 4(a) ] shows the distinctive "3 þ 3 þ 1" configuration where six cells (3 þ 3) (each similar to a conventional 1.3 GHz TESLA cavity) are linked (þ1) by a resonant coupler, which can be easily distinguished. In Fig. 4 (b) a photograph of the rf test table with the Vector Network Analyser (VNA) and the cavity assembled is shown. The two-port VNA (Anritsu MS4644B) was used to perform measurements and the pillars visible on the figure are part of the rf bead-pull setup [16] . The VNA was also used to carry out studies of the cavity spectrum. All the measurements conducted were very sensitive to the external environment including humidity, temperature variation, acoustic noise level and the mechanical vibrations of the ground. As a result some of the measurements were carried out during the night to improve the results and special air stoppers were designed and installed to prevent any airflow inside the cavity. As an illustration of conventional machining Fig. 4(c) shows the next step of the dual axis cavity studies. The constituent parts of a copper 11-cell cavity were manufactured using a pressing technique, opposite to the technique discussed above. To test conventional manufacturing techniques (pressing, cleaning, welding and securing the position of the cells), the parts shown were built using copper sheets which have similar mechanical properties to niobium. The cavity will be cleaned and fully assembled using a conventional welding technique and the arms will be secured to assure that the axes are parallel and are on the same plane.
III. EXPERIMENTAL MEASUREMENTS OF 7-CELLS RF CAVITY SPECTRUM
An experimental study of the spectrum of a dual axis cavity has been carried out and compared with theoretical predictions. To the best knowledge of the authors there have not been experimental studies of such a two axis system conducted and published previously. Therefore the advantages and disadvantages of different techniques [17] [18] [19] developed to carry out rf studies of conventional single axis cavities were not clear with respect to the new dual axis system. Two techniques were tested to evaluate the eigenmodes' Q-factors: the first is based on the "reflection" S ii measurements and second on the "transmission" S ij measurements (i and j represent the port numbers, as shown in Fig. 1 ). In Fig. 5 the schematics illustrating the experimental setup are shown. During the measurements the electric dipole couplers were inserted along the same axis at opposite ports (Fig. 5) . The reflection measurements [17] are associated with the measurements of the complex The small perturbations on Fig. 6(b) show the eigenmodes and, using the techniques described in [17] , the spectrum of these eigenmodes can be constructed. However, due to weak coupling and high sensitivity to external factors, the uncertainty level of the measurements was very high and the method was abandoned in favor of the second technique.
The second technique was based on transmission S ij measurements and the recovery of the eigenmode spectrum directly from measured data. Initially there were concerns about radiation losses from the "free" ports, for example ports 1-3 and 2-4, if S 24;13 are measured respectively. Also the effect of the couplers on the eigenmodes loaded Qfactors was unclear. However, a metal plate located on the outside close to the open port and thus effectively blocking the port resulted in a relatively small phase difference of the measured S 21 parameter (below 0.1°), while simple mechanical vibrations of the apparatus could lead to at least of order ∼1°phase variations. A similar negligible effect due to the couplers was also observed. In Fig. 7 typical S ij characteristics (solid line) in the frequency range 1.27-1.3 GHz is shown. During the study deviations over the course of a measurement were seen to be insignificant. This allowed us to carry out the measurements assuming a negligible influence from couplers and open ports. There are seven well defined, visible peaks (Fig. 7 , solid line) and each peak corresponds to an eigenmode with a specific frequency position and Q-factor, which coincide well with the numerical predictions [ Fig. 3(a) ].
Prior to any discussion of the results (Fig. 7, bold line) , it is important to consider the eigenmodes of the cavity. The eigenmodes of a conventional single axis rf cavity can be described using an RLC circuit approach with the loaded Q-factor Q ¼ 2πW st =W d , i.e. ratio between stored energy W st in the cavity and dissipated (including radiation) energy W d from the cavity per oscillating cycle. The function which defines an eigenmode spectral line can also be found analytically from the dumped harmonic oscillator equation:
where x is the amplitude of oscillations (here the field amplitude), γ; ω 0 and F 0 are the damping parameter, eigenfrequency of oscillator and external harmonic force, respectively. The solution of the equation (assuming a wave solution ∼e iωt ) gives the following function as the best fit for the spectral line of the eigenmode:
which in the approximation ω ≈ ω 0 leads (using a Taylor expansion) to the well-defined and understood shape (Lorentzian) of the eigenmode spectral line in the vicinity of the resonance frequency jAj ≈ const ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
To define the parameters of the eigenmodes using the experimental data observed (Fig. 7 , bold line) and to construct a theoretical S ij curve which fits experimental data, the solutions defined by (2) can be used. The S ij curve can be presented as a superposition of the amplitudes [18] [19] [20] :
; γ i ; ωÞ; which takes into account small background interference (observed) and considering only a small frequency range (inside which the fitting is done) has the following form:
where N is the number of maxima measured and the loaded Q-factor is defined as Q i ¼ predictions) illustrated by circles. However, in order to find and build this theoretical curve, the parameters ω i 0 ; γ i and the number of eigenmodes N have to be identified using a numerical approach. An iterative approach was used to find the best fit theoretical line (requiring the trivial computing resources) with all eigenmode parameters identified, including the frequencies of the eigenmode ω i 0 (dots) and their loaded Q i -factor. However, the theoretical line (Fig. 7) shows only partial agreement with measurements. There are a number of inaccuracies including an appearance of an additional erroneous eigenmode (number 6, solid dot) which was not measured. Taking into account the results and the precision of the measurements (frequency step is below 1.5 KHz) it was expected that N should be equal to the number of the peaks measured and the parameters ω i 0 ; γ i should also coincide well with the measured values. An introduction of an additional mode led to the realization that the approach based on the uncoupled modes assumption [Eq. (1)] does not provide an accurate solution. The inset of Fig. 7 illustrates the set of eigenmodes calculated numerically using CST Microwave Studio which is different from the one observed using the uncoupled model. Therefore a coupled oscillators model [21] [22] [23] [24] with Fano-like solutions was adopted. The mode coupling could take place for a number of different reasons including the presence of a resonant coupling cell and the fact that each cell is slightly detuned from its neighbor. The mechanism of coupling and study of this complex phenomena inside the cavity is outside the scope of this paper and will be considered in future work. In the case of the coupled oscillators model the modes can be defined by the following set of coupled equations:
where x a;b are the variable amplitudes of the oscillators a and b, g is the coupling between oscillators. The number of coupled modes can be more than 2, but for reasons of clarity only two coupled modes are considered in (4) and (5). By solving Eqs. (4) and (5) 
where A n 0 is a constant which can be defined from either the initial conditions or can be normalized. Using a Tailor expansion and the same approach as previously outlined [the superposition of the solutions S ij ¼ P A n ðΩ n 0 ; Γ n ; G n ; ωÞ for a narrow frequency windows], the theoretical curve can be constructed. The function observed was similar to (3) but with differently defined terms:
In all the figures presented f ¼ ω=2π. The theoretical line in Fig. 8(a) matches S ij measurements well and the predicted positions of the eigenmodes (indicated by dots) are in good agreement with the maxima measured. In this case no additional eigenmodes were required to be added to match the measurements. However, Fig. 8(a) shows that there are still inaccuracies between experimental S ij and theoretical predictions. To improve the analysis further each group of coupled modes should be defined separately inside a frequency window, which should be as narrow as possible. As mentioned previously the expression (7) has been used as a continuous function throughout the whole frequency range, i.e. 1.27 to 1.305 GHz. To improve accuracy, the frequency windows for each group of the modes should be selected individually, and in Figs. 8(b)-8 (e) the comparison between the theoretical and measured S ij curves inside a set of these intervals is shown. Each window was specially selected for a specific couplet or triplet group of modes. Interestingly only one mode located around 1.278 GHz is an uncoupled, single mode. By comparing the theoretical predictions with the measured dependences, it is clear that the fit with Fano-like solutions and the measurements are in a very good agreement. Another advantage of understanding the eigenmodes coupling is that it may be helpful for the mode control and cavity tuning. For example, by introducing a load for one mode in a specific group any other mode from the same group will also be loaded. In Fig. 9 the comparison of the cavity eigenmode spectrum is shown, Q-factors evaluated from the measured S ij (solid line) are compared with ones (empty circles) defined by 3D CST Microwave Studio. The fluctuation of the measured S ij (solid dots) is due to the uncertainty in the position of the couplers. In spite of this uncertainty a good agreement is achieved and the measurements of S ij were very stable and reliable.
IV. STUDY OF EIGENMODES FIELD DISTRIBUTION USING RF BEAD-PULL TEST TABLE
To study the eigenmodes' field structure along the longitudinal coordinate the rf bead-pull test table has been used and the results have been compared with theoretical predictions. The schematic of the experiment is shown in Fig. 10(a) and can be seen in the photograph in Fig. 4 . In the bead-pull measurements a small (as compared with the operating wavelength) dielectric spherical bead is moved slowly from port 2 to port 4. The bead interferes with the field inside the cavity and the strength of the interference is measured by measuring the S 13 parameter. The square of the reflected electric field is proportional to the relative shift of the eigenmode frequency, while the relative change in frequency is proportional to the tangent of the phase of S 21 [25] [26] [27] 
where ω i 0;p are the unperturbed and perturbed (subindex 0 and subindex p, respectively) eigenfrequencies of the "i"eigenmode, a is the radius of the bead, ϵ 0;r is the dielectric permittivity of vacuum and the dielectric bead respectively, φ is the phase measured during the experiments, Q i L is the loaded Q-factor of the eigenmode (see Sec. III) and U is the total energy stored in the cavity. It is clear that the field structure can be investigated using the expressions (8) via measurements of phase and if ϵ r ≫ 1 the measurements can be very accurate. In our case the ϵ r ∼ 2.5 and in Fig. 10(b) the profiles of the operating modes measured (solid line) are compared with theoretical prediction (dashed line). There are some deviations between measurements and numerical predictions as a result of the finite accuracies of the machining, eigenmode position definition and the measurement technique. As before, there are a number of different techniques which have been tested for measuring the field profiles and here only one, which we found to be accurate and reliable in this specific case of a two axis cavity is discussed. The method is as follows: first we set the bead-pull motor to move the bead by a small step of 5 mm and stop. At this stage the VNA is set to take a number of measurements in CW mode at a predefined frequency which corresponds to the frequency of the eigenmode ω i 0 . The real and imaginary values of the measured S 21 parameter, the phase and the amplitude, are recorded and averaged out (over a number of measurements are taken while the probe is stationary). This method showed the best results when compared with other techniques. There are clear advantages of this method: making a stop at each step allows minimizing the vibration of the bead and averaging over a large number of measurements leads to a result with less deviation from the mean value. The procedure is fully computer controlled and all measurements were repeatable and consistent; automatization of the measurements led to noise level reduction as the measurements were done without anyone in the laboratory (no vibrations or air circulation). As a result the data observed was very close to the predictions (Fig. 11) . In Fig. 11 (a) comparison between measured (solid line) and predicted (dashed line) profiles (the normalized intensity of the field amplitudes) of the first seven eigenmodes is shown. The predicted profiles were calculated using CST MW Studio software. The "bridge mode" [ Fig. 11(a) ] is localized inside the coupling cell, as predicted, while the passband (PB) asymmetric mode which has highest Q-factor, has no field inside the coupling cell ( fig. 11(c) ). As expected, the modes with the highest Q-factor show better agreement between theory and experiment. This happens as the Q-factor of some of the eigenmodes is too small (around 1000) and coupling between the antenna and the mode is not efficient to excite them (the power of the VNA is not sufficient enough to overcome the excitation threshold value and the field amplitude inside the cavity becomes comparable with the noise). By simply increasing the input power the problem has been resolved for some of the modes, but also selection of the correct material for the dielectric bead with large ϵ r ∼ 100 (TiO 2 for example) may further improve the measurements. An example of such a low-Q mode is given by mode 1 [ Fig. 7(b) ]. To measure its structure the VNA input power was increased to the maximum level before the field amplitude dependence on the longitudinal coordinate has been measured, however, Fig. 11(a) shows that there are still some amplitude fluctuations with respect to theoretical predictions. In Fig. 12 the comparison of the measured profiles of the operating mode (solid line) and the PB modes having the highest Q-factor (broken lines) is shown.
V. CONCLUSION
In this paper a prototype of the aluminum dual axis 7-cell asymmetric rf cavity was studied. The cavity is a scaled down prototype of the 11-cell cavity designed for SCRF AERL to allow high-current operation. The numerical studies of the 7-cell cavity have been conducted using CST Microwave Studio and the results were discussed and compared with those observed during the previous studies. The cavity prototype has been machined from two blocks of aluminum using computer controlled equipment. This type of cavity machining was unconventional and proved to be cost effective, reliable and fast. A cavity consisting of two blocks can be easily assembled and disassembled (if new modifications are required), no soldering was needed, which made studying the prototype very fast and convenient. This cavity has been assembled and different techniques to measure the cavity's eigenmodes and their field profiles have been investigated. The first experimental studies of a dual axis 7-cell asymmetric rf cavity have been carried out and the results were presented and discussed. A good agreement between measured and predicted (3D CST MW Studio) eigenmode spectra was demonstrated. A novel coupled oscillators approach (Fano-like model) to describe the cavity eigenmodes was used and very good agreement between the measured and theoretical S ij curves was achieved. It was shown that in the cavity some eigenmodes are coupled and can be grouped together. Deeper understanding of mode grouping and coupling may improve the cavity tuning and control over the modes in the cavity. The results of spectral studies of the rf cavity have been compared with theoretical predictions and good matches have been demonstrated. The field structures of the eigenmodes located in the frequency range 1 to 1.5 GHz (encompassing passband modes and bridge modes), have been studied and presented. The results were compared with numerical simulations and discussed. Good agreement between predicted and measured field profiles for the modes with a high Q-factor has been demonstrated. The results observed are the first steps towards improvements of the measurement techniques described and ultimately toward the development of an asymmetric SCRF cavity for high average current ERL. Numerical modeling was demonstrated to be accurate even for these very complex cavities and its use will be essential to further improving the cavity design and the development of HOM loads and rf couplers. The next step will be the assembly of a full scale 11-cell copper cavity [ Fig. 4(c) conduct rf tests and studies of a full set of modes including HOMs.
